The fermions of the Standard Model are integrated out to obtain the effective Lagrangian in the sector violating P and CP at zero temperature. We confirm that no contributions arise for operators of dimension six or less and show that the leading operators are of dimension eight. To assert this we explicitly compute one such non-vanishing contribution, namely, that with three Z 0 , two W + and two W − . Terms involving just gluons and W 's are also considered, however, they turn out to vanish in the P -odd sector to eighth order. The analogous gluonic term in the CP -odd and P -even (C-odd) sector is non-vanishing and it is also computed. The expressions derived apply directly to Dirac massive neutrinos. All CP -violating results display the infrared enhancement already found at dimension six.
I. INTRODUCTION
A full understanding of CP -violation remains a challenge and for this reason it is a fruitful field of research both in relation with the Standard Model of particle physics and in extensions thereof [1] [2] [3] [4] [5] [6] [7] [8] [9] . CP -violation enters in very different phenomena, like non vanishing of the electric dipole momentum of elementary particles, baryogenesis [10] , or, assuming CP T invariance, the puzzling T -violation. Yet, in the Standard Model, CP -violation is rather elusive. There is no trace of it in the QCD sector, while in the electroweak sector it enters through a small parameter in the CKM matrix for quarks [11] , and possibly also for leptons, for massive neutrinos [12] . Even in the electroweak sector manifestation of CP breaking requires a subtle combination, the Jarlskog determinant ∆, which requires order twelve in the quark (or leptons) masses and would vanish if two up-like or two down-like quarks were degenerated in mass [13] . In any case only through fermions CP can be broken denotes the Higgs field and v its vacuum expectation value. The coupling constant (which may vanish for some operators) has two additive contributions, one from the quark loop and another from the lepton loop. In the CP -odd sector, g α must contain the Jarlskog determinant. In terms of the Yukawa coupling this yields a tiny dimensionless number, ∆/v 12 , of the order of 10 −24 . This fact has occasionally been presented as an indication of an intrinsic limitation of the Standard Model to produce enough CP -breaking to account for observations, including the baryon asymmetry. While this might be true, qualitative arguments should eventually be supported by a detailed computation. Smit argued in [14] that the coupling g α is just a homogeneous function of the quarks (or leptons) masses of the appropriate degree.
This implies that g α ∼ ∆ × I α , where I α has a large negative degree to compensate that of ∆. Both ∆ and I α depend only on the fermion masses and do not involve v. On the other hand, the various quark masses are very different and widely different result can be obtained by combining them at random. Actual calculations have been carried out in [15, 16] for operators of dimension six, which is the first possible CP -violating contribution at one-loop.
They show that g α ∼ Jκ/m 2 c where is m c the charm quark mass, J = 2.9(2) × 10 −5 is the Jarlskog invariant [17] and κ is a dimensionless coefficient of the order of unity. Implications for cold electroweak baryogenesis have been considered in [18, 19] . Unfortunately, these two references differ in that [15] finds such a dimension six contribution in the P -odd sector whereas [16] finds a contribution in the C-odd sector but none in the P -odd one.
The purpose of this note is manyfold. First, to reduce to the simplest and more transparent terms the calculation of these couplings constants. Second, to confirm that, although dimension six CP -odd and P -odd operators do exist, their coupling vanish in the Standard
Model. Third, to verify that the order six cancellation is accidental, and non vanishing contributions in the CP -odd and P -odd sector appear for the first time at dimension eight. The purely gluonic leading (eighth) order term is also computed since it is particularly simple.
As it turns out, this term breaks C but not P . Lastly, to verify that the enhancement (as compared to the naive estimate) found at order six is displayed also at higher orders.
II. THE METHOD
We will integrate out the fermions in the Standard Model to extract the CP violating contribution of the resulting effective action. This is the one-loop approximation to the effective action with full one-particle irreducible bosonic lines and vertices. We work at zero temperature. Quarks will be explicitly considered. Leptons would not contribute to the CP -odd sector if neutrinos are assumed to be exactly massless. For massive Dirac neutrinos the contribution of the leptons will be completely analogous to the one obtained for quarks.
The quark-sector Lagrangian of the Standard Model, in its Euclidean version and in the unitary gauge, can be written as [20] :
Here q L,R carry Dirac, generation (family), ud and color indices (ud space distinguishes the up-like from down-like quarks in each generation). Expanding further the matrices in ud space:
Here m u,d are the diagonal matrices (in generation space) with the up-like and down-like quarks masses, respectively. G µ the gluon field,
, and B µ is the weak hypercharge gauge connection. For convenience, in all cases the coupling constant has been included in the corresponding gauge connection. Further details can be found in [16] .
After integration of the quark loop, the corresponding Euclidean effective action is just
Γ is the sum of the all Feynman graphs with one quark loop and any number of bosonic legs, gauge fields and Higgs. This sum is written as a functional which will be expressed within a covariant derivative expansion of these bosonic fields.
Certainly, the effective action can be computed following the efficient method outlined in [16] and based on [21] , applied there to sixth order in the derivative expansion. However, one of our goals here is to present a derivation as transparent as possible, and closer to the method introduced in [22] on which the calculation of [15] is based. To this end, we will use the relation
In the second equality it has been used that the variation δD, induced by the variation in the gauge and Higgs fields in D, contains no derivatives. The method is then to choose a suitable variation of these fields, compute δΓ in the desired sector, and subsequently seek a functional fulfilling such a variation. The virtues of this approach are i) the current x|D −1 |x is easier to obtain than the Tr log D itself, ii) the condition on δΓ of being a consistent variation provides a nontrivial check of the calculation, and iii) even if one where to compute Γ directly, the simplest way to avoid integration by parts identities (i.e., redundant operators in the final expression) is to obtain its functional derivative, δΓ/δD = − x|D −1 |x . This quantity is local and so free from x-integration by parts identities. This issue becomes increasingly important as the number of derivatives increases.
A convenient field to use as variation in eq. (2.4) is Z which appears just in D L µ . We adopt such a choice, namely,
The Dirac operator can be written as
(1 ± γ 5 ) project on the R or L spaces, respectively. D can be explicitly inverted in chiral blocks. In particular, for the RL block,
from eq. (2.4) and (2.5),
Therefore, if only the P -odd sector (i.e., that with a γ 5 ) is retained, we will have
It can be noted that each term of the expansion between parenthesis starts and ends with a label L. Moreover, as the chiral label propagates through the term it flips (from L to R and vice versa) at m but not at D R or D L . Keeping these rules in mind we can simply write
The second equality follows from the fact that terms with an odd number of m's are automatically discarded since they cannot start and end with a label L.
A simple and convenient technique to compute x|(D / + m) −1 |x is the method of symbols [16, 23, 24] . This method is suitable for computing one-loop Feynman graphs with external legs at zero momentum or more generally, for expansions around zero momentum. In the present case it takes the form The covariant derivative expansion is just an expansion in powers of D µ . Only even orders contribute (the space-time dimension being even). Besides, in the P -odd sector the effective action starts at fourth order in four dimensions, since a Levi-Civita pseudo tensor must be present. Hence:
(2.10) 
The question is whether this operator appears with a non vanishing coefficient in the Standard Model or not. Ref. [15] claims that it does whereas the calculation in [16] concludes that it does not. Therefore we will start by reconsidering such a term within our present approach.
Under a variation of Z, the contribution of the candidate term to be found in eq. (2.10) is of the form δZ(
We can set φ = v, since we are not interested in contributions from Higgs, and likewise we can set Z µ and
µ . The ordinary derivatives can be unambiguously replaced by covariant ones at the end without loss of information since no F µν tensor can be present in the term considered.
The computation is tedious but straightforward. Let us spell out the main steps in the calculation. We select terms with n = 1 in eq. (2.10) and restore the L, R labels. We keep only terms starting and ending with the label L and only m introduces a chiral label flip Next, we expand the ud labels using eq. (2.2) for m andŴ /, and eq. (2.5) for δẐ. This
where
At this point we can already factorize the trace between quantities which act only in generation space, namely, N u,d , m u,d and C, and all the other quantities, which do not act on that space:
It is a general rule that m u or m d can only appear raised to even powers and can be eliminated in favor of N u and N d . 2 Eventually, all required momentum integrals and traces on 3 × 3 matrices in generation space can be cast in the form [16] 
It only remains to apply the derivative on all fields at its right. It can be checked that after this operation is carried out all terms so obtained cancel. So there is no term of the
2 ZD in the CP -odd, P -odd sector of the Standard Model, in agreement with the alternative and more systematic calculation in [16] .
IV. DIMENSION EIGHT OPERATORS
In this section we show that at eighth order in the derivative expansion there are non vanishing contributions in the CP -odd and P -odd sector of the Standard Model. Concretely we consider terms of the form (
with no gluons nor derivatives of the Higgs field, and apply the technique just described. In this case we select terms with n = 2 in eq. (2.10) and seek terms of the type δZ(
The calculation is analogous to the one shown previously, except that now Z is not set to zero in D / L , instead we use
Then we keep terms with precisely fourŴ 's, twoẐ's and one derivative.
After restoring the L, R labels and u, d labels, and carrying out the momentum integration, the trace in color, Dirac and generation space, and applying the derivative to the right, one obtains:
Here Z να stands for the ν derivative of Z α . We have eliminated theÎ and have used identities involving δ µν and ǫ µναβ to bring the expression to a canonical form.
The expression contains 62 operators, each one weighted with various integralsÎ This serves also as a non trivial check of the computation. The method is just to propose all allowed independent terms of the form (W + W − ) 2 Z 3 D with arbitrary coefficients, and take a first order variation with respect to Z to fix those coefficients. The Minkowski space result (see [16] for further details in the conventions) is
We have definedÎ 1 =Î We can see that the values of these coefficients are considerably larger than simple estimates based on the Jarlskog determinant divided by the appropriate power of v. At sixth order the enhancement is driven by the small mass of the light quarks and so this can be considered as a kind of chiral enhancement. The possibility of such an effect was first pointed out in [14] and confirmed in [15, 16] .
The momentum integralsÎ k a,b,c,d are completely explicit but rather complicated homogeneous functions of the fermion masses [16] . At sixth order these integrals are not continuous atm u ,m d , m s = 0, yet one can take the limitm u ,m d → 0 and subsequently m s → 0 and this approximation gives a value fairly close to the exact one [16] . To discuss the situation at eighth order we will consider the simpler case of m b , m t → ∞ which is a quite good approximation for κ 1,2 . At eighth order the momentum integrals are more ultraviolet convergent and also more infrared divergent than at sith order. Specifically,Î 2 diverges as 1/m We have also considered CP -violating terms containing only W 's and gluons. Such terms appear for the first time at eighth order since (at one loop) at least four W 's are needed to violate CP and two G µν are required to make a color singlet. In the P -odd sector one can write three independent operators, however we find that they have zero coupling in the Standard Model. On the other hand, in the P -even (C-violating) sector, there are also three operators of which one has zero coupling while the other two terms result in the following
Numerically,Î vanishes identically, as it should be, since no CP -odd term can be written using just W 's without derivatives or other fields.
V. CONCLUSIONS
We have shown that, to one-loop and at zero temperature, the leading P -violating CP - contribution to the CP -violating couplings needs not be small, due to infrared sensitivity in the momentum integrals on which the couplings depend. As a consequence, such couplings will be strongly dependent on the mass ratios between neutrinos of the different generations.
